The objective of the present work is to apply analytical-empirical methods to determine the contribution of a running propeller into the longitudinal stability of a propeller-driven airplane using an analytical-empirical analysis. The method is based on the blade element theory to get the forces and moments associated to the rotating blade; and on the blade vortex theory to estimate the interactions between the airflow across the rotation disk of the propeller and the propeller itself. The purpose is to calculate the impact of the propulsion system on the stability derivatives of the aircraft and estimate the necessary parameters to evaluate the static and dynamic stability in the airplane. Although the pitching moment coefficient becomes a function of the airplane velocity due to the contribution of a running propeller, this does not produce significant effects in static stability. In addition, an automatic pilot was designed to control the longitudinal flight dynamics of the aircraft and non-linear simulations were carried out. The results show that there is no significant difference whether the contribution of a running propeller to the longitudinal flight dynamics on a rigid modeled medium unmanned aircraft is considered or not in the design process of the controller.
I. Introduction
UNNING propellers could influence the stability of an airplane. Usually, the stability and control of an aircraft is studied in an unpowered condition during the initial phases of design due to the level of complexity of applying computational and/or experimental methods, and thus, an alternative is to employ analytical-empirical methods for these cases. The objective of the present work is to apply analytical-empirical methods to determine the contribution of a running propeller to the longitudinal stability of a propeller-driven airplane using an analytical and empirical analysis.
II. Contribution of a Running Propeller to the Longitudinal Stability of an Airplane
In subsonic flight, the longitudinal static stability can be evaluated adding the contribution of the wing-body (wb), tail (t) and the propulsion system (p). Based on this, the total pitching moment coefficient slope of an aircraft could be obtained, 1
The contribution of the propulsion system to the pitching moment coefficient can be estimated by c x S S C C p p Np Mp   (2) The contribution of the propulsion system to the longitudinal stability is linked to the normal force coefficient, as is shown in Eq. 
R American Institute of Aeronautics and Astronautics   3 where the subscript p indicates that these variables are linked to the propulsion system, ∂CN,p/∂α is the linear variation of the normal force coefficient (CNp) as a function of the angle of attack of the aircraft, and ∂Ԑp/∂α is the variation of the downwash angle with respect to the angle of attack. The contribution of the running propeller is analyzed by the blade element theory, which is used to determine the behavior of the propeller. The blade is sectioned in small parts and then forces and moments of each small part can be calculated. These differential forces are integrated along the blade, and for one engine revolution, the resultant force generated by the propeller is obtained.
The blade vortex theory 2 is used to calculate the induced velocity. This is based on the interactions of the moving propeller with the disturbed air flow. These interactions produce variations in lift and drag of each blade while it is moving upward and downward; consequently, in the rotating disc plane, a yawing moment and a normal force is generated. Using this theory, Eqs. (4) to (7) could be used to estimate thrust, normal force, torque and yawing moment coefficients in nondimensional form, respectively. 2 
The average blade-section advance angle (ε∞) is related to the advance parameter (J) and the dimensionless radial coordinate (ζ),
The induced angle Ԑi (as a function of the nondimensional angle ζ) is obtained by solving Eq. (9),
A. Longitudinal Static Stability
An airplane is considered longitudinally statically stable when 1
The static margin (Kn) is the difference between the center of gravity (hcg) and the neutral point (hn), and this is larger than zero in statically stable airplanes. The higher the value of static margin, the more stable the airplane is. 
III. Rigid Body Equation of Motion
The aircraft is modeled as a rigid body; this means that the deformation of the structure was not considered in the formulation. This formulation is similar to that used by Gonzalez, et al. 3 In the reference system, x is pointing to the nose of the airplane, y to the right wing and z to the ground. The linear velocities are represented by u, v and w, respectively. The expressions for the forces acting on the center of gravity of the aircraft are
The angular velocities on the body frame are p, q and r. The roll, pitch and yaw moments are L, M and N, respectively. The products of inertia acting on the planes "yz" and "xy" are equal to zero, and the angular accelerations can be written as 
Euler angles are used to relate the orientation of the aircraft to the ground. The relationship between the angular velocities in the body frame (p,q,r) and the Euler rates is, (14) where ϕ is the bank angle, θ is the pitch angle, and ψ is the yaw angle.
Equations (15) and (16) represent forces and moments acting on the airplane, respectively. The aerodynamic coefficients acting on the longitudinal axis of the aircraft are as follows: lift coefficient (CL), drag coefficient (CD), and pitching moment coefficient (CM); they are primarily dependent on the angle of attack (α). On the lateraldirectional axes, there are the lateral force coefficient (CYw), and the roll and yaw moment coefficients (Cl and Cn), which are dependent mainly on β. Thrust (T), gravitational forces and moments acting on the aircraft are added to Eqs. (15) and (16). The angle αF represents the angle between the thrust and the x axis and ZF is the distance of action of the thrust. 
Additionally, the thrust is function of the throttle (δt). Equation (19) includes the throttle percentage.
The state-space modeling techniques are applied in order to simulate the aircraft in flight; this is applicable just around linearized and steady flight condition.
The aerodynamic forces and moment coefficients are functions of the deflection of the control surfaces: elevator (δe), aileron (δa), and rudder (δr). The trim flight condition is explained by, 
The objective of this set of equations is to estimate the equilibrium elevator deflection, the angle of attack of equilibrium and the throttle needed to sustain the trim speed.
The state-space representation of the model is described by the states X and output Y of the model
where (γe) is the flight-path angle in the equilibrium state
The control vector is,
The final form of the invariant linear system is,
The linear equation for the outputs of the system is,
IV. Longitudinal Automatic Pilot
The control system is the same used by González et al. 3 It is a longitudinal control system based on the feedback of measured outputs. Figure 1 where u is the control input to the engine and elevator, and K is the feedback gain. The LQR consists of minimizing the performance index J.
This is achieved by solving the Ricatti equation.
The weighting matrix is Q=HT'*HT. These HT matrices define the tracked output. R is an identity matrix of the size of the control inputs. Then, the Kalman gain is calculated as
Assuming that the closed-loop system is stable, the performance index becomes
The final inner-loop closed-loop system is
A dynamic controller is used for tracking outer loop variables; this is carried out with a proportional integral leadlag compensator for the flight path angle and a lead-lag for the velocity. 
V. Case Study
The analysis previously described is applied to the Unmanned Airplane for Ecological Conservation (ANCE for his Spanish acronym). This is a monoplane twin-boom, pusher-propeller airplane designed to patrol over petroleum extraction areas looking for oil leakages. This has a rectangular wing of 3.1329 m 2 of surface area, a wingspan of 5.187 m, and a wing aspect ratio of 8.57, a take-off mass of 182.055 kg and payload equal to 40 kg (Ref. [5] ). The estimated cruise speed at 2,438 m of altitude is 54 m/s. Figure 2 illustrates a view of the ANCE 6 and Table 1 shows its general characteristics. Table 2 presents the nondimensional aerodynamic model of the ANCE; note that pitching moment slope and variation of pitching moment coefficient, as function of the throttle opening, are variables because both values are functions of the contribution of the running propeller.
The ANCE is powered by a Zanzottera 484it engine driven by a propeller 5868-9, Clark Y section, 2 blades with a diameter of 0.943 m and a blade angle of 15 deg (Ref. [7] ). Table 3 shows the characteristic of the Zanzottera air-cooled engine, 8 and Fig. 3 illustrates the propeller charts. 9 Figure 4 presents the geometric characteristics of the blade, where R is the radius to the tip of the blade, cb is the blade-section chord length, D the diameter, h the section thickness of the blade section, p the geometric pitch, r the station radius, and βp is the blade angle. 10 Equations (4) to (7) are used to estimate the nondimensional value of thrust, normal force, torque, and yawing moment coefficients, knowing the geometric characteristics of the blade shown in Fig 4 and the enginepropeller performance at a specific altitude. This information was calculated by PienAir 11 using the propeller charts in Fig. 3 and the engine performance in Table 3 . PienAir is a computer program capable of calculating the performance of piston-propeller airplanes with fixed-pitch propeller, using information of the airplane, and engine and propeller charts. 7, 11 Seven values of J were selected at 2,500 m, and sixteen control points or stations from the hub to the blade tip were taken in order to estimate the coefficients. The average bladesection advance angle (ε∞) was calculated by Eq. (8), resulting in a matrix 16×7, where each row represents each control point of the blade, and the columns represent each value of J. Equation (9) is solved by the Newton-Raphson method in order to obtain the induced angle Ԑi as a function of the non-dimensional angle ζ. The induced angle depends on the characteristics of the blade and indirectly, it depends on the advance parameter, so that it results in another matrix of size 16×7. The remaining parameters depend only on the geometric characteristics of the blade. They are pitch angle (β) values contained in a vector of size 16×1, the nondimensional ratio ξ, and the dimensionless blade-section chord length ĉb.
Using Eqs. (4) and (6) , CTp and CQp are obtained by the trapezoidal rule, which is based on the Newton-Cotes rules. The propeller thrust and torque coefficients are vectors 1×16, because the trapezoidal rule is applied onto the blade at each value of the advance parameter. Figure 5 presents the propeller thrust coefficient estimated by Eq. (4) compared with the data acquired experimentally. The values achieved analytically agree very well with those ones in Ref. [9] .
Equations (5) and (7) are linked to the advance parameter and the angle of attack of the aircraft αp, meaning that the propeller normal-force and yawing-moment coefficients have seven different values for each angle of attack. These coefficients are evaluated between angles of attacks from -6 to 6 deg. Figures 6 to 8 show the torque coefficient, the normal force coefficient, and the yawing moment coefficient as a function of the advance parameter obtained for the 
B. Downwash angle
The downwash angle is related to the characteristics of the airplane, because of the vortexes system varies its behavior due to the characteristics of the aircraft wing and this affects the rest of the components of the airplane according to its disposition.
Data achieved by wind tunnel testing using a scale model of the ANCE 12 and the empirical procedure shown in Ref. [13] is used to achieve the variation of the downwash angle with respect to the angle of attack (∂Ԑp/∂α). Table 4 presents the values of ∂Ԑp/∂α for angles of attack from -6 to 6 deg. The values achieved at different angles of attack are very close, and the average value 0.3772667 rad -1 was used. Table 5 shows the values of the contribution of the propulsion system to the pitching moment slope at different advance parameters estimated by Eq. (3) .
C. Variation of the pitching moment coefficient with angle of attack
Two methods are presented here to obtain the contribution of a running propeller to the variation of the pitching moment coefficient with angle of attack. The first one consists in adding the power-on contribution obtained by Eq.
(2) to the power-off contribution obtained in Ref. [5] ,
Owing to the normal-force coefficient is linked to the advance parameter and the angle of attack, CM results in a matrix 13×7, shown in Table 6 . The results required for the selected advance parameter are represented in bold text in Table 6 . These values are added to the pitching moment coefficient of the airplane at power-off condition, and the pitching moment slope is calculated, resulting in -3.6009 rad -1 . The second method consists in adding the variation directly. The pitching moment slope is the sum of CM,α in power-off condition in Ref. [5] , and CMp,α obtained by Eq. Figure 9 presents the pitching moment slopes of the airplane in power-off (Ref. [5] ) and power-on conditions of the aircraft. CM,α results equal to -3.5159 rad -1 . Table 7 shows the values obtained by both methods for longitudinal static-stability analysis of the aircraft. It is observed that the pitching moment slope in power-on condition obtained by both methods is negative and the static margin positive, which means that the airplane achieves static-stability condition considering the contribution of a running propeller. However, the absolute values of CM,α in power-on condition obtained by both methods are lower than the one in power-off condition. The running propeller produces a destabilizing effect, which reduces the neutral point. Figure 10 presents the total pitching moment coefficient as a function of the throttle opening in percentage. Table  8 shows the pitching moment slope respect to throttle opening at each angle of attack, CM,δt. Note this slope is zero at α=0. The resultant value for ∂CM,δt/∂α is 0.003356588 rad -1 . Figure 11 illustrates the variation of the pitching moment coefficient slope with forward speed; it is observed that although CM,α is not considerably affected by the contribution of the running propeller, these values are less negative Three different cases were evaluated in three different maneuvers. Case 1 consists of a model that considers the contribution of a running propeller to the controller and to the non-linear model of the aircraft. Case 2 does not consider the contribution of a running propeller to the controller but it considers its contribution to the model. Finally, Case 3 does not consider the contribution of a running propeller either to the model or to the controller.
Three maneuvers were simulated. The first one consists in a variation of speed of +4 m/s in five seconds and zero degrees in flight path. The second maneuver consists in tracking a flight path angle of 2 deg while the velocity remains constant. Lastly, the third case consists in a variation of the two parameters; increasing speed to 56 m/s and attaining a flight path angle of 1 deg. Figures 12 to 14 show the non-linear results of all simulations for the last 30 s. Figure 12 shows the results for the first maneuver. The measured outputs presented are velocity, altitude, flight path angle, pitch rate, angle of attack, pitch angle, deflection of the elevator, and throttle. The velocity controller has an overshoot of 0.04 m/s and a stationary state error of -0.03 m/s. It is interesting to point out that there is not much In general, the difference between all the results is lower than 3%. The largest difference is observed with the elevator deflection. The three models have the same initial deflection point. Cases 1 and 2 have a high frequency response at the beginning of the maneuver that is suppressed after the first initial second. There is no difference between the control signal commanded for Cases 1 and 2. The final difference between Cases 1 and 2 respect to Case 3 in terms of elevator deflection is 0.3 deg. There is a nonlinear variation of the throttle just before attaining full throttle position. In this maneuver, it is possible to see that considering a running propeller contribution to the controller does not cause any difference in the aircraft response. Figure 13 shows similar results; the control system is capable of achieving the commanded flight path angle of 2 deg. The increment in altitude with a slight variation in the velocity can be appreciated. To be able to attain this commanded reference, the thrust had to increase from 47 to 66 %. In the case of the throttle variation and in the rest of the measured outputs, there is no significant variations between models. Once again, the main difference exists in the elevator deflection. Case 3 had a final difference of 1 deg respect to the other two models. The effect of a contribution of the running propeller to the controller has no significant variations in the result.
The same observation can be pointed out from Fig. 14. The controller can accomplish the commanded references. There is a small stationary state difference between the commanded velocity and the reference; nevertheless, it is less than 1%. The results from Cases 1 and 2 are not exactly the same, but the difference is so small that in practical terms there is no significant influence of considering the contribution of a running propeller to the controller nor in the model of the aircraft for the ANCE. The difference between elevator deflections is the major difference of not considering the contribution of a running propeller to the dynamics on the aircraft. The difference is less than 1 deg on the elevator deflection.
VI. Conclusions
A formulation to consider the contribution of a running propeller to the longitudinal flight dynamics of an aircraft is developed. It was found that the pitching moment coefficient becomes a function of airplane velocity, and the variation of pitching moment coefficient as function of the throttle opening becomes a function of the angle of attack, both due to the contribution of a running propeller. Nevertheless, there are no significant effects on static stability. At the same time, a controller was designed to control the longitudinal cruise flight of a medium unmanned airplane. Three cases of simulations were compared during three different maneuvers. The non-linear simulation results show that there is no significant difference between considering or not the contribution of a running propeller to the flight dynamics on a rigid modeled aircraft. The controllers were capable of attaining the commanded reference with small errors in all the maneuvers. The difference between the commanded signals cannot be taken as significant enough to consider the addition of the contribution of a running propeller to the flight dynamics as critical to the analysis of the flight dynamics of a medium unmanned aircraft modeled as a rigid body. -0.0003515 Figure 11 . Pitching moment slope as a function of airplane velocity. 
